Abstract. Letp{T, T*) be a polynomial in T and T* where T is a bounded linear operator on a separable Hubert space. Let A = {T\p(T, T*) = 0}. Then A is said to be asymptotic for p if for every K > 0, there exists an £o > 0 and function S (e, K), lim^o 5 (e, K) = 0, such that if e < eg,
1. Introduction. This paper is concerned with trying to determine whether an operator that almost satisfies the definition of a certain class of operators must be near an operator of that class. To be precise we make the following definition. The underlying space is taken to be a separable Hubert space H.
Definition 1. Letp(T, T*) be a polynomial in T and T*. Let A = (T: p(T,
T*) = 0}. We say that A is asymptotic for/? if for every K > 0, there exists an e0 > 0 and function 8(e, K), lim£^0 S(e, K) = 0, such that if e < eg, \\ T\\ < K, and \\p(T, T*)\\ < e then there exists a f E A suchthat \\T-f\\< 8(e,K).
We shall be primarily interested in determining whether a given A is asymptotic for a given/?. Our positive results, however, can all be used to get a 8(e, K). The type of problem this paper examines was mentioned by Halmos in a 1973 talk [6] . See also [1] , [7] .
It should be pointed out that if H is finite-dimensional, then every class defined by a polynomial p is asymptotic. This follows from the compactness of the unit ball in the space of operators on H. For normal operators and p(T, T*) = T*T-TT* see [1] .
We will avoid saying "the class A is asymptotic" since a given class may be definable by several different polynomials. An example of a A that is asymptotic for some of these polynomials and not asymptotic for others would be of interest.
§2 will cover several easy cases. §3 will discuss some negative results. In §4, we shall show that if A is defined by a polynomial p in just T, then A is asymptotic for/». Some additional comments will be made in §5.
2. Selfadjoint and isometric operators. The results of this section are fairly trivial but are included for completeness. Both 8¡(e, K) and 82(e, K) can be taken as Vë, while e0 can be taken as 1 in the first case and as \ in the second.
Proof. It suffices to show that the U in the proof of Proposition 2 is unitary. U is unitary if both T*T, TT* are one-to-one. This follows if ||7 -T*T\\ < 1 and ||/ -7T*|| < 1 or if ||7 -r»T|| <^ and 117*7 _ 7T*|| <i. □ 3. Normal, quasinormal, and hyponormal operators. The property of being normal seems to be very unstable. It is known that T*T -TT* can be compact without T being of the form normal plus compact. Also the class of normal operators is not asymptotic for p(T, T*) = T*T -TT* [1] . A simple example of this is the following: Example 1. Let Tn be a weighted unilateral shift with weight sequence (a,} where a, -\i/n for 1 < i < «, a, = 1 for i > n. Then ||r"|| = 1 and ||7^r" -T"T¡¡\\ = \/n. Since Tn is a compact perturbation of the unilateral shift, || Tn -TV11 > 1 for any normal operator A^ [1] .
The following three results will all follow from the same example.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Theorem 1. The class of quasinormal operators is not asymptotic for the polynomialp(T, T*) = TT*T -T*T2.
Theorem 2. The class of hyponormal operators is not asymptotic for the polynomial inequality T*T -TT* > 0. That is, there exists {Tn}, \\T"\\ = 1, T%Tn -Tn T* + e" > 0, e" -> 0 but the distance from T" to the hyponormal operators does not go to zero.
Theorem 3. Let 9 = {T\[T*T, T + T*] -0). Then 0 is not asymptotic for p(T,T*) = T*T(T+ T*) -(T+ T*)T*T = (T*T -TT*\T -T*(T*T -TT*}
The class 6 of Theorem 3 includes the quasinormals but is independent of the hyponormals [5] . The following example will suffice for all three theorems.
Example 2. Let Tn be a weighted unilateral shift with weight sequence (a,) where a, = Vl -i/n for 0 < i < n and a, = 0 for i > n. Then T¡*Tn -TJ*n = Diag{l, -\/n, ...,-l/n, 0, . . . }. Thus \\TnT*"Tn -T*nT2\\ = 1/n and yrjl = 1. Note that T" is compact and T^T" -T"T^-hO.
Since quasinormal operators are hyponormal, showing that the {T"} of Example 2 verifies Theorem 2 will also verify Theorem 1.
Proof of Theorem 2. Let T" be as in Example 2. Suppose that S" is a bounded sequence of hyponormal operators such that \\Tn -S"\\-*0. Write S" = Hn 0 Nn where Hn is completely nonnormal and Nn is normal. Note that 11¿/J| cannot go to zero since \\T*T" -r"7^|| does not go to zero. But
IITn -S"\\e = \\S"\\e -»0 where || • ||e is the norm of S" in the Calkin algebra. Thus the essential spectral radius of Sn, and hence of H", goes to zero. But for completely hyponormal operators, the spectral radius is the essential spectral radius and the spectral radius is the norm. Hence Hn -> 0, which is a contradiction. □ Theorem 3 may be proved just as was Theorem 2 since if Sn E ©, then eigenvalues are reducing [3], isolated points of the spectrum are eigenvalues [4] , and the spectral radius equals the norm [5]. 4 . Algebraic operators. The examples of the preceding section show that many of the standard polynomials do not define a class that is asymptotic with respect to that polynomial. In this section we shall show that any class that is defined by a polynomial in just T or T* is asymptotic for that polynomial. We begin with/?(r) = T". Lemma 1. Suppose that || F"|| < efor some n > 2 and || F|| < 1. Let E be the spectral projection for T*T associated with [0, e]. Then ||[(7 -E)T(I -E)r~l\\ <(«-l)Ve.
Proof. Define E as in the statement of the lemma. Then \\TE\\ < Ve . But £2||x||2>||7",x||2>|(r*r)1/27"'-1x||2
= ^T*T)l/2ET"-lx + (T*T)i/2(I -E)T"-*x(> e|(7 -E)T"~xxf.
Hence ||(7 -E)T"-l\\ < Vê" . Now Proof. The result is trivial for n = 1 and meaningless for n = 0. If n = 2, define E as in Lemma 1. Then T = ET (I -E) is nilpotent of index two. We may assume ||r|| < 1. But \\T -f\\ = ||(7 -E)T + ETE\\ < 2Ve by the proof of Lemma 1. Hence Theorem 4 holds for n = 2. Suppose now that Theorem 4 holds for n < k -1. To see that it holds for k, suppose that ||r*|| < e, ||r|| < l. Let S"(e, K) be the 5 of Definition 1 lorpn. Define E as We can now prove our main result. Questions about whether a given class A is asymptotic for a given/»(F, T*) can often be restated in terms of pairs of self adjoint operators. For instance, Example 1 shows that there exist hermitian A, B with norms close to one, such that \\AB -BA\\ is small but there do not exist hermitian A, B close to A, B respectively such that AB -BA = 0.
One could define a somewhat stronger form of asymptotic behavior then we did by having 8(e, K) depend on only e. As to be expected, the weaker version sometimes holds when the stronger does not. For example an asymptotic version of Fuglede's Theorem holds when the sequence is uniformly bounded [7] but does not hold if the boundedness condition is omitted. Note that 8(i, K) is independent of K in Propositions 1-4. Also if p(X) = X2, then one can take 8(e, K) = 8(e) = 2Ve . It would be of interest to know if 8 (e, K) can be taken independent of K in Theorem 5.
